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Abstract-This paper addresses robust frequency control in an islanded ac microgrid (MG). In an islanded MG with renewable sources, load change, wind power fluctuation, and sun irradiation power disturbance as well as dynamical perturbation, such as damping coefficient and inertia constants, can significantly influence the system frequency, and hence the MG frequency control problem faces some new challenges. In response to these challenges, in this paper, H ∞ and µ-synthesis robust control techniques are used to develop the secondary frequency control loop. In the proposed control scheme, some microsources (diesel engine generator, micro turbine, and fuel cell) are assumed to be responsible for balancing the load and power in the MG system. The synthesized H ∞ and µ-controllers are examined on an MG test platform, and the controllers' robustness and performance are evaluated in the presence of various disturbances and parametric uncertainties. The results are compared with an optimal control design. It is shown that the µ-synthesis approach due to considering structured/parametric uncertainties provides better performance than the H ∞ control method. 
Index Terms-Frequency control, H ∞ , microgrid (MG),

R
ECENTLY, remote off-grid MGs have been widely developed especially for rural and distant areas, in which providing electrical energy from the main utility grid is costly and has destructive environmental effects. There are many real MGs installed for providing the electrical energy for distant areas [1] - [4] . On the other hand, MGs control in an islanded mode is more difficult than the grid-connected mode, because voltage and frequency regulation of the MGs in grid-connected mode are initially supported by the main utility grid. In the islanded mode, some MG resources should compensate the fluctuation in load and generation (wind power and solar irradiation).
Low inertia, uncertainties, dynamic complexity, nonlinear structure, and intermittent nature of DER are the most important challenges in the MGs. Therefore, if a mismatch between the load and power generation occurs, the MG frequency and voltage deviation (from nominal value) is unavoidable, even it may lead to the MG blackout. Therefore, it seems that the robust control design strategies can be considered as a powerful solutions to achieve RS/RP in the presence of environmental condition and load deviation in the MGs [5] , [6] .
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of an MG are WTGs, DEGs, PVs, FCs, BES, and FES systems. Environmental and economic constraints are the main factors of choosing DERs for an islanded MG system. Since the produced power by RESs such as PVs and WTGs depends on the weather condition, the RESs are not preferred to be used for secondary frequency control. The MT and DEG units usually supply electrical energy for demand side to compensate the electrical energy deficiency. However, they have a slow response time and cannot handle MG control for sudden changes in load and power. So for improving the MT or DEG control efforts, coordination with energy storage systems is required to quickly compensate deviations [7] - [10] . Similar to the conventional power networks, a hierarchical control approach for MGs is proposed. Local/primary control, secondary control, and global/tertiary control are the most important control levels [10] - [12] . Robust control synthesis for secondary frequency regulation loop is the aim of this paper. The secondary control ensures that the set points of the MG are adapted to the optimality requirement of the MG and the frequency and average voltage deviations are regulated toward zero after any change in load or supply [13] . Two main structures have been identified for secondary control in MGs: 1) centralized and 2) decentralized structures. The centralized scheme relies on the operation of the MGCC and the decentralized scheme allows the interaction of the various units within the MG [14] , [15] . Generally, the centralized structures are more suitable for islanded MGs, while decentralized schemes are more suitable for grid-connected MGs, with multiple owners and fast-changing number of DER units [14] . In this paper, a centralized approach is used.
In [16] - [19] , some aspects of secondary control in MGs are investigated. In [16] , a potential function is obtained for controllable units in the MG, and a central controller determines the set points, to optimize the overall performance of the MG. In comparison with [16] , due to possibility of failure in the communication links, Shafiee et al. [17] did not build secondary control in the MGCC, so failure in a communication link does not affect the other distributed units and primary/secondary frequency controls are implemented as local controllers.
In [5] , [6] , and [19] - [21] , several methods are applied to frequency control problem in MGs. In [5] and [19] , metaheuristic optimization algorithms such as the Hopfield fuzzy neural network method and combined particle swarm optimization (PSO) with fuzzy logic are applied to regulate frequency deviation. In [20] and [21] , to enhance the frequency control performance and robustness in the presence of uncertainties, the mixed H 2 /H ∞ and PSO-based mixed H 2 /H ∞ are proposed for tuning proportional-integral-derivative parameters. In [22] , using a fuzzy-based proportional-integral (PI) control strategy, the stability of hybrid MG system, including MT, FC, and ES is investigated.
The applications of some classical and intelligent control methods are also reported in the MG control literature [5] - [22] . Using traditional control methods, it is not easy to achieve a successful tradeoff between NPs and RPs. It is also difficult to guarantee simultaneous RS and RP for a wide range of disturbances and uncertainties using the heuristic and intelligent control strategies. However, robust control techniques due to possibility of uncertainties formulation in the control synthesis procedure satisfy this objective effectively.
Because of considering physical constraints and uncertainties, the linear robust control techniques provide effective control synthesis methodologies for dynamical systems. But, most linear robust control methods suggest complex statefeedback controllers, whose orders are not smaller than the order of controlled systems [33] , [35] . However, the small size of MGs in comparison with conventional large-scale power systems, once again directs our attention to use these powerful synthesis methodologies for the MGs control problems.
In [15] and [23] - [30] , some studies on robust control applications for various MG systems are presented. In [15] , a decentralized robust control strategy for an islanded MG is investigated. The MG consists of different DERs, and for each generation unit a robust controller is designed. In [26] , for frequency regulation in an autonomous MG, a μ-based robust controller is proposed. The μ-synthesis robust controller is designed via the D-K iteration method. In [27] and [28] , more works on μ-synthesis robust methods are presented. In [29] , an H ∞ robust controller for power sharing in both interconnected and islanded modes is given. Similar works for utilizing H ∞ robust control strategies on the MGs are presented in [30] and [31] .
In [15] and [23] - [30] , the comparison between H ∞ and μ-synthesis applications in MG control is not given. The impacts of uncertainty modeling on the control performance are also not discussed. This paper focuses on the application of H ∞ and μ-synthesis robust controls for improving secondary frequency control performance in an islanded MG. The proposed robust approaches are flexible enough to include uncertainties in the MG model and control synthesis procedure. For both H ∞ and μ methods, LFT is used. In the H ∞ control method, the parametric perturbation is lumped into one block as unstructured uncertainty; while in the μ-synthesis method, structured uncertainty is used. The RS and RP of both controllers are investigated.
The rest of this paper is organized as follows. Section II describes the MG modeling. In Section III, the state-space dynamical modeling is presented. The H ∞ method in order to obtain robust controller is investigated in Section IV. In Section V, the μ-synthesis technique is applied. Controller order reduction is presented in Section VI. Evaluating timedomain performance of H ∞ and μ-controllers on the MG secondary control and their comparison are presented in Section VII. Section VIII summarizes outcomes. Finally, the conclusion is presented in Section IX.
II. MICROGRID MODELING
This paper focuses on the islanded ac MG including ac loads, WTG, PV, DEG, MT, FC, and energy storage devices such as FES and BES systems. Fig. 1 illustrates a simplified MG configuration. As shown in Fig. 1 , distributed resources are connected to the ac bus by power electronic devices used for synchronization of ac sources such as DEG and WTG, and they are used to invert dc voltages into ac in sources such as PV arrays and FCs. A converter is also considered for the BES system to convert ac to dc in charging mode and dc to ac in discharging mode.
The total power generation of distributed resources, for supplying demand side comprises the output power of DEG, MT, WTG, PV, FC, and exchange power of FES and BES
(1)
Since, the produced power by the RESs such as PVs and WTGs depends on the environmental condition; they are not commonly used for frequency regulation, so in this paper, for secondary control problem, MT, DEG, and FC are considered. In secondary frequency control loop, the fluctuations in load, WTG, and PV output powers are compensated by decrease/increase in the DEG, MT, and FC output powers. An expression for changes in the MG resources associated with frequency regulation can be presented as follows:
In [19] , [31] , and [32] , some simplified dynamical models for DGs/storage units are presented. Some distributed sources may have high-order dynamical frequency response models, but low-order dynamical models considered in this paper are sufficient for investigating frequency control issue [19] . Fig. 2 shows an MG dynamical frequency response model and the relevant system parameters for a typical MG are represented in Table I .
III. STATE SPACE DYNAMIC MODEL
Linearized state-space model is a useful model representation for the application of the robust control theory in the MG control synthesis. Using appropriate definitions and (FIG. 2) state variables, as given in (3)- (6), the linearized state-space realization of the MG system (Fig. 2) can be easily obtained in the form of (3) [32] . An elaborated expression of the MG state-space model is given in (7) as shown at the bottom of the next pageẋ
where
where u is the control input signal.
In the mentioned MG case study (Fig. 2) , P Wind , P ϕ , and P Load are considered as MG disturbance signals and the M and D parameters are considered as uncertain parameters. More complete (higher order or nonlinear) models of MG components for interested readers are given in [9] , [18] , [25] , [29] , [31] , [37] , and [38] .
IV. H ∞ -BASED CONTROL DESIGN
The aim of this section is to design an H ∞ -based controller for secondary frequency control loop in an islanded MG. The fundamentals of H ∞ control theory are briefly given in the Appendix.
A. Uncertainty Modeling
In robust control literature, several definitions for uncertainty modeling are represented [32] , [33] ; but in general, the uncertainty as dynamic perturbation can be mainly classified into two categories: 1) "unmodeled dynamics"; and 2) "modeling errors". The dynamic perturbations represent the difference between actual and mathematical models.
For H ∞ -synthesis, dynamic parametric perturbations considered for the MG system are lumped into a single perturbation block (s). This uncertainty representation is referred to as "unstructured uncertainty" [32] , [33] . There are different methods for modeling unstructured uncertainty in robust control theory; such as additive perturbation, invers additive perturbation, and input/output multiplicative perturbation. In this paper, the output multiplicative perturbation method is used for uncertainty modeling. Fig. 3 shows the block diagram of the closed-loop configuration which is used for the H ∞ design procedure. The lumped uncertainty and selected weighting functions are shown. P(s) denotes the actual (perturbed system) dynamics, while G(s) represents nominal model of the MG physical system without perturbation. As it can be seen from Fig. 3 
Considering ±50% deviations for D and M, bode diagram of output multiplicative perturbed system P(s)(with three disturbance inputs, one control input, and one measured output) is shown in Fig. 4 . As mentioned, P Wind , P ϕ , and P Load are considered as MG disturbance signals and f is the measured system output. In Fig. 4 , T w 1 y ( jω), T w 2 y ( jω), T w 3 y ( jω), and T uy ( jω) represent the system bode diagrams from the MG input signals ( P Wind , P ϕ , P L , and control command) to output signal ( f ). These plots show the frequency response behavior for the perturbed input-output subsystems.
B. H ∞ Optimal Controller
The H ∞ controller is an optimization control problem, which determines a feasible robust controller by minimizinġ the infinite-norm of an appropriate LFT, F L (G, K), as follows:
F L (G, K) is the transfer function matrix of the nominal closed-loop system from the disturbance input signals to the controlled output signals, which can be described as transfer function of T wz [27] . There is no an analytic method for solving of above optimization problem. On the other hand, the solution for this minimization problem is not unique; so, it is usually sufficient to find a stabilizing controller K ∞ such that the H ∞ -norm of (11) goes below one. Fig. 5 shows the standard closed-loop LFT for the H ∞ synthesis.
C. Closed-Loop Nominal Stability and Performance
The NS is satisfied because the closed-loop system T wz is internally stable for the designed K ∞ . For evaluating the NP, the infinity-norm of both sensitivity function S = (I + GK) −1 and complementary function KS should be less than a positive value. The NP criterion for the closed-loop system can be described by (12) [21] , [23] , where W e and W u are weighting functions represented in (8) and (9) W e (I + GK) − Fig. 6 shows that the ∞-norm inequality of (12) is satisfied and is always less than one. So the closed-loop system successfully reduces the influence of the disturbance, and the required performance is fully achieved. In this paper, the hinfsyn command in MATLAB robust control toolbox is used for solving the above inequality. 
D. Closed-Loop Robust Stability and Performance
The RS is satisfied because the closed-loop system (T wz transfer function) is internally stable for all possible plants P = (I + (s))G(s) in which the block is the uncertainty block. For analyzing the RP, the performance criterion given in (13) must be satisfied for all P = (I + (s))G(s). In this paper, T wz function in the presence of 50% perturbations in D and M parameters is investigated. As shown in Fig. 7 , the ∞-norm inequality represented in (13) is less than one Fig. 7(a) shows that the inequality [W e (I + GP) −1 ] ∞ < 1 for P = (I + (s))G(s) is always satisfied. Fig. 7(b) shows that the inequality [W P K(I + GP) −1 ] ∞ < 1 is also satisfied, or [K(I +GP) −1 ] ∞ is less than 1/W P . Therefore, the RS and RP are simultaneously satisfied for the obtained controller K via a single ∞-norm inequality which is represented in (13).
V. μ-BASED CONTROL SYNTHESIS
The basics of structured singular value (μ) theorem are briefly given in the Appendix.
A. Uncertainty Modeling in μ-Synthesis
In Section IV, the uncertainties are modeled in a lumped block , which refers to the "unstructured uncertainties." This type of uncertainty provides conservative results in the synthesis procedure. For solving this problem, the "structured uncertainty" should be used [21] . The structured uncertainty may include structured unmodeled dynamics and parametric perturbation.
The structured uncertainty block that is represented in the general form of (14) can be extracted from the system dynamics. So the whole system can be rearranged in a standard configuration of upper LFT. Fig. 8 shows the closed-loop block diagram of the MG system with a structured diagonal uncertainty. In this paper, the system has a 4 × 4 parametric diagonal uncertainty as shown in Fig. 8   = diag δ 1 I r1 , . . . , δ k I rk , 1 , . . . , f , 
B. D-K Iteration
The structured singular value (μ-based control) framework provides conditions to ensure the RP of a dynamic system. The μ function is defined as (15) , where is defined as (14) μ
The standard scheme of M-configuration is shown in Fig. 9 . The w, u, z, y, pert in , and pert out are the exogenous inputs, control signals, control performance signals, measured outputs, input, and output perturbations signals of the uncertain block, respectively. In μ-synthesis, for satisfying the RP condition, T wz ∞ ≤ 1 must be satisfied for all ∈ P , where P is defined as follows:
The first uncertainty block of this structured matrix is a 4 × 4 diagonal matrix and corresponds to the perturbations used in the dynamical modeling of islanded MG system. The second block F is a fictitious uncertainty block that is introduced to represent the performance requirement in the M-framework. To achieve RP, the stabilizing controller K(s) should minimize
There is no standard analytical method to calculate the μ-optimal controller via the optimization problem given in (17) . Therefore, a numerical method for complex perturbation known as D-K iteration [32] is used to solve (17) . The idea is to find a controller K such that (18) be satisfied by alternating the minimization with respect to K or D, while fixing the other one 
2) D-Step: Find D( jω) to minimize σ (DM(K)D −1 ( jω)) over the given frequency range, while M (K) is fixed. 3) Fit the magnitude of each element D( jω) to a stable and minimum-phase transfer function D(s). Then, go back to step i. These iterations continue until the D(s)M)(K)D −1 (s)
∞ goes less than one or until the ∞-norm no longer decreases.
RP characteristics are extremely depends on appropriate selection of weighting functions. To have a better comparison between H ∞ and μ-synthesis methods, the same weighting functions are considered in both syntheses approaches.
C. Closed-Loop Nominal and Robust Performance
After designing K using the D-K iteration method, the maximum value of μ for RP is obtained: 0.57. To guarantee the RP with the obtained controller, the performance criterion (19) should be satisfied (infinity norm to be smaller than the upper bound of μ). Fig. 11 shows that the frequency response of NP and RP for the closed-loop system is satisfied. It is noteworthy that || || ∞ <1, for every diagonal Fig. 12 shows the RP index for perturbed system sensitivity function. It is clear from this figure that the frequency response of dynamical perturbed MG system remains below 0.57.
D. Robust Stability
The upper and lower bounds of μ for the perturbed system are shown in Fig. 13 . It is visible that the upper bound of μ is 0.922, so if the || || ∞ < 1/0.922, the RS for the perturbed closed-loop system is achieved, and || || ∞ < 1 is satisfied. Fig. 14 demonstrates the robust properties of system with the designed μ-controller. It is shown that the magnitude response of the perturbed sensitivity function over the given frequency range is below the magnitude of the inverse of weighting function W e .
VI. CONTROLLER ORDER REDUCTION
High-order of designed controllers is one of the main problems of H ∞ -and μ-based robust control methods, especially for the high-order plants. Using these control methodologies, the obtained controller are higher than or at least equal with the order of the given plants. Different methods are introduced for order reduction. Here, for the present case study, the Hankel-norm approximation [34] is applied to reduce the controller order. The obtained controller order, by the H ∞ method was 14, which is reduced to 6. Fig. 15 shows the Bode diagram of fullorder (original) and reduced-order for the H ∞ controller. After three iterations in the D-K method, the μ-synthesis controller order is 28, which is reduced to 7, using the Hankel-norm approximation method. In Fig. 16 , the Bode diagrams of full-order and reduced-order controllers are demonstrated. Figs. 15 and 16 show that the resulting high-order controllers are reduced to low orders without performance degradation.
VII. TIME-DOMAIN SIMULATION RESULTS
In this section, the time-domain simulation of MG frequency, in the presence of P Wind , P ϕ , and P L changes (as disturbances) and parameters perturbation is presented. The H ∞ method and μ-synthesis (with structured and unstructured uncertainties) are compared. To show the effectiveness of the proposed robust approaches, they are also compared with an optimal PI controller. The PI parameters are determined using the internal model control (IMC) design method. The IMC approach allows the designer to consider modeling errors and desirable performance, simultaneously [35] . For a given system, the applied tuning algorithm optimally balances the two measures of performance, reference tracking and disturbance rejection; concerning the system changes and modeling errors. For investigating the MG frequency response, four sever test scenarios are performed. 
Scenario 1 [Wind Power Fluctuation (ΔP Wind )]:
A step change is considered in the wind power. Fig. 17(a) shows the wind power step changes and Fig. 17(b) represents the MG output frequency response by comparing the proposed controllers.
Scenario 2 [Load Fluctuation (ΔP Load )]:
A multiple step load deviation is considered with changes at times 0, 20, and 40 s. Fig. 18(a) shows the multiple load step change pattern. Fig. 18(b) represents the MG frequency response by comparing between the performance of the H ∞ controller and μ-controller (with structured and unstructured uncertainty).
Scenario 3 [Solar Power Fluctuation (ΔP ϕ )]:
As another serious test, a multiple step changes in the sun irradiation power is applied at times 1, 10, 20, 30, 40, and 50 s as shown in Fig. 19(a) . Fig. 19(b) represents the MG frequency for the designed controllers.
Scenario 4 (Simultaneous Changes in ΔP Wind , ΔP ϕ , ΔP Load , and MG Parameters): In this scenario, firstly simultaneous disturbances in wind power, sun irradiation power, and load are considered. Fig. 20(a) shows the mixed changes in wind power, solar irradiation, and load. Fig. 20(b) shows the MG frequency response behavior. Fig. 21(b) shows the system response for a more smooth and non-stationary fluctuation pattern [36] in solar irradiation and wind powers in the presence of step load variation as depicted in Fig. 21(b) .
Then, the MG frequency response in the face of 50% decrease in H and D parameters (as uncertainties) is examined. The results are shown in Fig. 22 . As demonstrated in Fig. 22 , for this test scenario, the PI controller fails and cannot stabilize the MG frequency. While, in all scenarios, the proposed H ∞ and μ-synthesis approaches provide quite better performance.
Simulation results show that μ-controller with structured uncertainty gives quite better performance than the case of μ-controller with unstructured uncertainty as well as the H ∞ controller because the uncertainties in the MGs are of parametric/structured type; and hence using an unstructured uncertainty-based control technique provides nonexact conservative result.
VIII. DISCUSSION
Functional complexity, diversity in generation/load, variable nature of RESs, and continues change of structure (uncertainty) are known as some important characteristics of the MGs. As shown in this paper, conventional controls may fail to meet the specified frequency control objective in the MGs. The above characteristics introduce robust control techniques as powerful and more suitable control tools for stability analysis and control synthesis problems in MGs and modern power grids.
The achievements of this paper are not only limited to the applications of H ∞ and μ-synthesize control techniques for the MGs' secondary frequency control design. The main outcomes can be summarized as follows. 1) Although the H ∞ and μ-synthesis approaches have been already applied to the power system. But as discussed in [32] , only few applications are related to the MGs. Dynamics, generation, and load characteristics in MGs may be different from the conventional power grids. Hence, the application of a robust control theorem cannot be so easy and straightforward. On the other hand, in the previous published works, only one robust method is discussed; while in this paper, a comprehensive/precisely comparison between H ∞ and μ-synthesize methods is given and their advantages and disadvantages for the frequency control issue are clarified.
2) The type of most effective uncertainties in the MGs, that is structured and parametric uncertainties, is investigated. It is shown that the uncertainties in an MG can be modeled as structured/parametric type, and this investigation opens the way to use this paper as a reference for further research works on robust MG control. In direction of this achievement, the impact of uncertainty modeling is illustrated, and the superiority of structured/parametric-based control theory such as μ-synthesize for MG control is emphasized. It is shown that the structured/parametric-based robust control strategy dramatically increases the regulation performance and control accuracy. 3) Finally, simultaneously considering load change, various power fluctuations, and uncertainties in the MG frequency control problem among a single control framework/formulation via a systematic design approach can also be considered as a significant outcome of this paper. 
IX. CONCLUSION
In this paper, robust H ∞ and μ-synthesis (via D-K iteration) methods are used for secondary frequency control design problem in an islanded MG. For applying robust control methods, linearized MG state-space model is derived. As discussed, using robust controllers provides many benefits. The H ∞ and μ-controllers are designed in a way to reduce the effects of P Wind , P ϕ , and P Load disturbances and dynamic perturbations. It is shown that in the case of using the structured uncertainty (μ approach), the obtained controller demonstrates better performance. Time-domain simulation results show the proposed controllers can balance the power generation and load properly, and regulate the MG frequency effectively. Due to the use of structured uncertainties, μ-controller has better performance than the H ∞ controller. The order of original robust controllers is reduced. In comparison with optimal PI controllers, the application of robust reduced-order controllers dramatically improves the MG frequency control performance. APPENDIX Here, the basics of H ∞ and structured singular value (μ) theorems are briefly given. Interested readers can find details and proofs in [32] .
A. H ∞ Control Theory
Consider a linear time invariant system G(s) with the following state-space realization:
where x is the state variable vector, w is the disturbance and other external input vector, z is the controlled output vector, and y is the measured output vector. It is assumed that (A, B 2 , C 2 ) is stabilizable and detectable. The H ∞ control problem for the linear time invariant system G(s) with the state-space realization of (A.1) is to find a controller K(s) such that the resulted closed-loop system is internally stable, and the ∞-norm from w to z is smaller than γ , a specified positive number, that is 
B. Structured Singular Value (μ) Control Theory
Based on the μ-synthesis theorem, for a given M-configuration (Fig. 9) 
